Contents

1. Introduction

1.1. Graphs and Flows .

1.1.1. Paths and Cycles

1.1.2. Flow and Divergence

1.1.3. Path Flows and Conformal Decompomtwn
1.2. Network Flow Models — Examples .

1.2.1. The Minimum Cost Flow Problem .

1.2.2. Network Flow Problems with Convex Cost .

1.2.3. Multicommodity Flow Problems

1.2.4. Discrete Network Cptimization Problems
1.3. Network Flow Algorithme — An Overview

1.3.1. Primal Cost Improvement

1.3.2. Dual Cost Improvement

1.3.3. Auction

1.3.4. Good, Bad, and Polynomlal Algorlthms
1.4. Notes, Sources, and Exercises .

2. Shortest Path Problems

2.1. Problem Formulation and Applications

2.2. A (Generic Shortest Path Algorithm .

2.3. Label Setting (Dijkstra) Methods . :
2.3.1. Performance of Label Setting Methods .
2.3.2. The Binary Heap Method
2.3.3. Dial’s Algorithm

2.4. Label Correcting Methods . . . .

2.4.1. The Bellman-Ford Method . .

2.4.2. The D’Esopo-Pape Algorithm

2.4.3. The SLF and LLL Algorithms

2.4.4. The Threshold Algorithm :

2.4.5. Comparison of Label Setting and Label Oorrectlng

2.5. Single Crigin/Single Destination Methods
2.5.1. Label Setting . .

=

TYWWU DY WU YUYy Uy

51

52
57
65
63
69
70
73
73
75
i3]
78
80
81
81



3.

4.

5.

8.

vi

2.5.2. Label Correcting
2.6, Auction Algorithms . :
2.7. Multiple Origin/Multiple Destlnatlon Methods

2.8, Notes, Sources, and Exercises .

The Max-Flow Problem

3.1. The Max-Flow and Min-Cut Problems .
3.1.1. Cutein a Graph . . . .
3.1.2. The Max-Flow/Min-Cut Theorem . .
3.1.3. The Maximal and Minimal Saturated Outs ;
3.1.4. Decomposition of Infeasible Network Problems
3.2, The Ford-Fulkerson Algorithm ;
3.3, Price-Based Augmenting Path Algorlthms
3.3.1. A Price-Baged Path Construction Algorithm
3.3.2. A Price-Based Max-Flow Algorithm . .

3.4. Notes, Sources, and Exercises .

The Min-Cost Flow Problem

4,1, Transformations and Equivalences .
4,1.1. Setting the Lower Flow Bounds to Zero
4,1.2. BEliminating the Upper Flow Bounds . .
4.1.3. Reduction to a Circulation Format
4,1.4. Reduction to an Assignment Problem
4.2, Duality . .
4.,2.1. Interpretation of OS and the Dual Problem .
4,2.2. Duality and C8 for Nonnegativity Constraints
4.3, Notes, Sources, and Exercises .

Simplex Methods for Min-Cost Flow .

5.1. Main Ideas In Simplex Methods . . .
5.1.1. Using Prices to Obtain the In-Arc .
5.1.2. Obtaining the Cut-Arc
£.1.3. Dealing with Degeneracy .
5.2. The Basic Simplex Algorithm .
5.2.1. Termination Properties of the Slmple:x: Method
5.2.2. Initialization of the Simplex Method .

5.3. Extension to Problems with Upper and Lower Bou_nds ;

5.4. Implementation Issues . . ;
5.5. Notes, Sources, and Exercises .

Dual Ascent Methods for Min-Cost Flow .
6.1, Dual Ascent

Contents

. p. 81

42

=

g

VYYD YT T YT VYYD Y YT YT

T YYD YT Y YT

. . D 86
. . p. 96
.. 98

115

116
119
121
123
124
125
132
135
139
139

151

. 162
152
153
154
154
155
162
163
164

189

170
176
179
183
186
187
188
195
. 169
. 203

. 213

. 214



Contents

£.2. The Primal-Dual (Sequential Shortest Path) Method
6.3. The Relaxation Method : ;
6.4. Sclving Variants of an Already Solved Problem ;
6.5. Implementation [ssues . ;

6.6, Notes, Sources, and Exercises .

7. Auction Algorithms for Min-Cost Flow

7.1. The Auction Algorithm for the Assignment Problem
7.1.1. The Main Auction Algorithm .

7.1.2. Approximate Coordinate Descent Interpretatlon

7.1.3. Variants of the Auction Algorithm
7.1.4. Computational Complexity — e-Scaling .
7.1.5. Dealing with Infeasibility

7.2, Extensions of the Auction Algorithm
7.2.1. Reverse Auction

7.2.2. Auction Algorithms for Asymmetrlc ASSJgnment

7.2.3. Auction Algorithms with Similar Persons
7.3. The Preflow-Push Algorithm for Max-Flow .

7.3.1. Analysis and Complexity .

7.3.2. Implementation lssues .

7.3.3. Relation to the Auction Algorlthm
7.4. The e-Relaxation Method

7.4.1. Computational Complexity — &- Scahng

7.4.2. Implementation lssues . . . .
7.5. The Auction/Sequential Shortest Path Algorlthm .

7.6. Notes, Sources, and Exercises .

8. Nonlinear Network Optimization

8.1. Convex and Separable Problems
8.2. Problems with Side Constraints .
8.3, Multicommodity Flow Problems
8.4. Integer Congtraints
8.5. Networks with Gains
8.6, Optimality Conditions .
8.7. Duality ;
8.8, Algorithms and Appro:x:lmatlons
8.8.1. Feasible Direction Methods .
8.8.2. Plecewise Linear Approximation
8.8.3. Interior Point Methods :
8.8.4. Penalty and Augmented Lagranglan Methods .
8.8.5. Proximal Minimization
8.8.6. Smoothing .
8.8.7. Transformations

ol

o]

eI IL =R~

Y'Y YD YT YT TS T Y YT YT

T YU TG T TS T YT YT

vii

221

. 234
. 243
. 243

244

. 251

252
253
257
257
259
265
268
268
272
279
282
285
203
204
304
310
318

. 320

326

. 337

339
346
349
355
360
365
370
375
375
380
382
384
386

. 387

389



viii Contents

8.9. Notes, Sources, and Exerciges . . . . . . . . . . . . . . p. 3098

9. Convex Separable Network Problems p. 407
9.1. Convex Functions of a Single Variable p. 408
9.2, Optimality Conditions . p. 412
9.3, Duality p. 414
9.4, Dual Function Dlﬁerentlablhty p. 426
9.5, Algorithms for Differentiable Dual Problems p. 430
9.6, Auction Algorithms : p. 433
9.6.1. The e-Relaxation Method : p. 441

0.6.2. Auction/Sequential Shortest Path Algorlthm : p. 446

9.7. Monotropic Programming p. 449
9.8, Notes, Sources, and Exercises . p. 463
10. Network Problems with Integer Constraints p. 467
10.1. Formulation of Integer-Constrained Problems p. 469
10.2. Branch-and-Bound . p. 483
10.3. Lagrangian Relaxation . p. 492
10.3.1. Subgradients of the Dual Fu_nctlon p. 497
10.3.2. Subgradient Methods . p. 499
10.3.3. Cutting Plane Methods . p. 503
10.3.4. Decomposition and Multlcom_mod_lty Flows p. 507

10.4. Local Search Methods p. 512
10.4.1. Genetic Algorithms p. 5ld
10.4.2. Tabu Search . p. 5lb
10.4.3. Simulated Anneahng p. 516

10.5. Rollout Algorithms . s p. 517
10.6. Notes, Sources, and Exercises p. 525
Appendix A: Mathematical Review p. 545
Al Sets . p. 546
A2, Buclidean Space p. 547
A3, Matrices p. 547
Ad, Analysis . . p. 548
AB, Convex Sets and Fu_nctlons p. 551
A6, Bubgradients . p. 553
Boforfenicas « «» + w5 wwn % aw =w wwes w6 waws w5 wnss P DOD

Index « o wo % 5o wa w sa wwn wwes wn wwss w5 wwss Do DO



	Network_Page_005
	Network_Page_006
	Network_Page_007
	Network_Page_008

